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LETTER TO THE EDITOR

Geometric origin of central charges

J Lukierskit and L Rytel?t

International Centre for Theoretical Physics, Trieste, Italy
Received 4 November 1981

Abstract. The complete set of N(N —1) central charge generators for the D=4
N -extended super-Poincaré algebra is obtained by suitable contraction of the OSp(2N'; 4)
superalgebra. The superspace realisations of the spinorial generators with central charges
are derived. The conjugate set of N(N — 1) additional bosonic superspace coordinates is
introduced in a unique and geometric way.

The central charges were introduced originally by Haag et al (1975) as a mathematical
possibility}, but recently they appeared to be an important enlargement of the
fundamental super-Poincaré algebra. Already the study of N =2 extended supersym-
metry shows (see e.g. Sohnius et al/ 1980) that in some cases only the presence of
central charges allows for the existence of non-trivial (i.e. describing interacting theory)
field representations. It is also believed that the difficulties with the formulation of
N =3 extended supergravities are related to the lack of proper understanding of the
role of degrees of freedom generated by central charges.

The aim of this Letter is to show that the central charge generators have a clear
meaning as the contracted generators from the internal symmetry sector. If we assume
that the linearly realised group on extended super-Poincaré generators is SL(2, C) %
U(N), the supergroup which provides such a contraction can be uniquely determined
as OSp(2N;4). In our contraction scheme all the bosonic generators survive the
contraction limit: the translation generators are obtained from the four non-compact
generators describing Sp(4)/SL(2, C) and N{(N-1) central charges are obtained from
the compact generators in the coset O(2N)/U(N). Fromsuch a construction it follows
that the central charges transform under SU(N) as the antisymmetric second-rank
tensor Z,; = X, + Yy, denoted by (2, 0).

We would like to mention here that central charges are scalars under the ‘exact’
internal symmetry of the § matrix, but can transform under spontaneously broken
internal symmetry. One should assume therefore that the U(N) symmetry of N-
extended supersymmetry is spontaneously broken in the presence of central charges.
The reduced ‘exact’ symmetry group for different choices of central charge generators
has been recently calculated by Ferrara et al (1980).

Let us recall that the superalgebra OSp(2N'; 4) has the bosonic sector g =g, @ g,
where

g:=Sp4,R)=0(3,2) (space-time symmetries),

g:=0(@2N) (internal symmetries)

t On leave of absence from the Institute of Theoretical Physics, University of Wroclaw, 50-205 Wroclaw,
Poland.
1 J Lopuszanski, private communication.
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and the fermionic sector is generated by 2N four-component Majorana chargest. We
introduce five 4 X 4 real matrices, describing the Majorana representation of the O(3, 2)
Clifford algebra

{T'a,Ts}=2gas, gap =diag(-1,1,1,1,-1).

The supercharges Q., extending the Lie algebra Sp(4, R)® O(2N) to the superalgebra
OSp(2N; 4), satisfy the following relation:

{QL, Q5}=8"(T"To)asP. + m[87 (0" Tol's)apMi, + g(Tol's)apT"] (1

where i,j=1...2N, ,f=1...4, 4,»=0,1,2,3, 0, =4[, T,J and T"=-T" =
70T, describe O(2N) generators expanded in the 2N X 2N matrix basis, denoted by
7 (r=1... N@N —1); ¥ = —7I). For dimensional reasons we have introduced the
mass parameter m and dimensionless coupling g characterising respectively the de
Sitter radius and the Yang-Mills coupling in the O(2N) sector. The covariance
relations are as follows (¢f Zumino 1977):

(1/D)[Pu; Qu]=3m(T.Ts5)a"Qp, (2a)
(1/)[Mas, Q2)=(0,.)a"Qp, (2b)
(1/)[T, QL]=gri*Qs. (2¢)
The generator of ‘curved translations’ P, satisfies the Z,-graded de Sitter algebra
/D[Py, P.]=—m’M,,,. (3)

Let us introduce the Z; grading in the internal symmetry sector by the following
split of the O(2N) Lie algebra

A|S X, Y
00Ny (-5 i Yol YR ) 4)
O(2N)
N
UNN) )
where N X N real matrices satisfy the relations
A=-A", X=-X" )
s=s", y=-Y"
Further, we introduce the generalised Weyl-Majorana spinors
Q*=3(1£Ts0)Q, Q' =-0f, 0=-1, (6)
satisfying the condition Q* = £I'sQQ*. Choosing
0 1x
o-(_1, o)
-1y 0
one can write
t__l_( Oair50a+N ) 7
2 =3\sry0° s1s0" ")) @

+ An alternative equivalent formulation uses 2N two-component complex Weyl spinors (see e.g. Ferrara
1977).
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The unconstrained N -component Majorana spinor describing Q™ is denoted Q5* (a =
1...N)::

Q:3* =3(Qi£TsQ*™M). (8)
The commutation relations (1) split as follows (m' = gm):

{Q%", Q5" } =8 (T"To)apPu + m'[(C0)apX ® + (Tol's)us Y *°], (9a)

{Q2", Q5" } = m8™ (2 ToT's)apMs + m'[(Fo)asA™ + (Tol's)asS™ ], (95)

{Q%, Q5} =8 (I To)apPs + m'[(To)apX " ~ (Tol's)ag Y **1. c)

The relations (2a, b) are valid also for Q2*, but the relation (2¢) only remains valid
for the generators belonging to the U(N) subgroup of O(2N). Let us observe that

[r, Q]=0 iff 7, € U(N), 10)
{rn Q}=0 iff 7, € O2N)/U(N).

Writing X +TsY* = 7% (Xx +[sYx) (K = 1...3N(N —1)) one obtains

(1/8)[ Xk, Qa*1=grQL7, (1/D)[Yx, Qa*]1= £ g7 (TsQ" .. 11)

It is easy to check that the whole superalgebra OSp(2N'; 4) can be decomposed into
the following four sectors,

L, L, L, L,
M, Q: P, Qs (12)
Aab Sab Xab Yab

and satisfies the Z,-grading relations?
(L.’, Li>CL,'+,' (l, j, l"}"] mod 4) (13)

where Lo, L, are bosonic and L, L; fermionic sectors. The grading (13) implies that
one can perform the rescaling

1
Lo L, Ll"_l—:Ll, Lz"_l‘Lzy Ly»—L;, (14)
vR R vR

and consider the contraction limit R - in consistency with the Jacobi identities.
The rescaled generators satisfy the relations (9a, c), but we obtain {Q%*, Q5" }~1/R
and also [Xk, Q2*]~1/R,[Yx, Q5*]1~1/R. The O(2N) superalgebra is split by the
grading (13) into the Z,-graded symmetric Riemannian pair (U(N), O(2N)/U(N)) with
the generators from O(2N)/U(N) transforming under U(N) as the antisymmetric
2-tensor (2, 0). One can also write the algebra of de Sitter type (see (3)) describing

t The Z, gradings were introduced by Lukierski (1980) for the description of the supersymmetric generalisa-
tion of a Riemannian symmetric pair (H, G/H): the so-called super-Riemannian quadruple. The Z,
gradings of physically interesting supergroups were discussed by the authors in Lukierski and Rytel (1980),
where also the grading (12) is given. Already in Lukierski and Rytel (1980) the relation of internal symmetry
generators from the sector L, to central charges in the contraction limit R - c was pointed out.
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the internal symmetry sector. One obtains
1 1 1
[ Xk, XL]~ 53 R? U(N), [Xk, XL]“'RTEU(N), [Yx, YL]~§‘2U(N), (15)

where U(N) denotes the element of the U(N) algebra.

It is easy to see therefore that in the contraction limit R >o the N(N —1)
generators Xk, Yx become Abelian ones, and in the extended super-Poincaré algebra
they appear as the central charges. Because if R the sectors Q5" and Q&
decouple, one can restrict the fermionic sector to L, (or L3). If we denote Q5 = Q5"
one obtains in the limit R » o from the sectors (Lo, L, L,) the D =4 extended
super-Poincaré algebra with N(N —1) real central charges.

Before contraction in the OSp(2N; 4) superalgebra the generators X, Y, describe
non-Abelian or curved ‘precentral’ charges; in order to obtain the conventional
description of central charges one has to perform two steps.

(a) The contraction limit. The generators become Abelian, but still do not commute
with the internal symmetry sector U(N) (they can be called Abelian ‘precentral’
charges).

(b) Reduction of internal symmetry group U(N) to its subgroup commuting with
Z". Such a reduction for different choices of the representations with non-trivially
represented X,,, Y,, was discussed recently in Ferrara et al (1980); see also Lopus-
zanski and Wolf (1982).

It is already known (see e.g. Sohnius 1978) that the superspace realisation of
supersymmetries with central charges requires additional bosonic coordinates of super-
space. In particular, one can obtain central charges from the translations in extra
bosonic dimensions (Olive 1979, Osborn 1979), but in such a case one introduces the
‘big’ Lorentz group O(D —1, 1) (D >3) and the breaking mechanism into physical
space-time and the internal sector is not justified. In the derivation of central charges
presented here the additional bosonic variables acquire a clear geometric meaning:
they describe complex ‘curved’ translations on the coset O2N)/U(N), and in the
limit R - c0 one obtains N(N —1) additional bosonic variables uas, vap (Uap = — Upa,
Vas = — Upa), With the translations generated by the central charge generators.

The N -extended superspace variables before the contraction parametrise the coset

K =O0Sp(2N; 4)/SL(2; C)x U(N). (16)
Using the exponential parametrisation, one can write (§ = 6 'T)
K =exp(X,P* + Q5" 02" + Q47 027) exp(Xaput ™ + Yap0 ™). (17)

Applying well known techniques of nonlinear realisations on coset spaces (see e.g.
Zumino 1977, Gursey and Marchildon 1978), one obtains the transformation formulae
of the superspace coordinates (X, 85°, 2%, u® v°®) e.g. under the supertranslation
exp(Qa” £5%). Using the rescaled superalgebra, one can calculate the tranformations
up to order 1/R. Describing the change of superfield coordinates as the result of the
action of the superspace generator ¢ “Q”, one obtains

2 ba+(o Moo )+o(%) (18)

where we have put 85 = 62". Calculating the anticommutator of the generators (19),

a+ 9 1l ~a d (
p = - p—_ a_..__+
367 3(6°T,) ox. m'{ 8,
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one obtains

Vap

a by _ qab _‘_3_ ' _ﬁ_ _a_ _1_
(Q%, Q3) =6 (T.I0); ~+2m ((Fo)asauab'*'(rors)aea )+0(R). (19)

The formula (20) in the limit R » o coincides with the extension of the Salam-
Strathdee superspace realisation of the N-extended super-Poincaré algebra with
N(N —1) central chargest.

We wuld like to add the following remarks.

(a) We learned when our work was finished that Howe and Lindstrom (1981) and
Kalosh (1981) introduced an additional 56 bosonic coordinates for N = 8 supergravity
in order to incorporate into the curved superspace formalism the E, ‘hidden symmetry’
group. In our framework these additional variables are determined uniquely, and one
can show that they carry the linear realisations of the earlier discovered hidden
symmetry E; (see e.g. Julia 1980). At present we are not able to determine which
‘hidden symmetries’ occur at given N using purely geometric arguments; however, a
look at the additional variables and linear realisations of hidden symmetries at any
given N leads to the conclusion that they are ‘well fitted’ to each other.

(b) The additional bosonic coordinates can be used for the definition of mass
operator which depends on the Casimirs of internal and hidden symmetry groups.
These coordinates transform only under internal symmetries, and represent a new
version of the ‘old’ isotopic space concept.

(c) We discuss in this note only rigid extended supersymmetries. Our way of
introducing central charges if applied to supergravity requires local gauging of
OSp(2N; 4) symmetry. The methods developed by McDowell (see e.g. McDowell
1980) and by the supergroup approach (see e.g. d’Auria ef al 1980) should be useful
in deriving the supergravity actions with central charges.

(d) Because the number of new bosonic coordinates increases quadratically with
N, it is reasonable to look for composite superspaces, by supersymmetric extension of
the Penrose framework with ‘elementary’ twistors and ‘composite’ space-time coordin-
ates. The outline of such a generalisation, with more details provided for N =1, has
been presented recently by one of the authors (Lukierski 1981).

The authors would like to thank Professor Abdus Salam, the International Atomic
Energy Agency and Unesco for cordial hospitality at the International Centre for
Theoretical Physics, Trieste and for making our visit possible. We would also like to
acknowledge the discussions with E Cremmer and B Milewski.
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